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Some associative submanifolds of the squashed
7-sphere
Kotaro Kawai ∗
Abstract
The squashed 7-sphere S7 is a 7-sphere with an Einstein metric given
by the canonical variation and its cone R8−{0} has full holonomy Spin(7).
There is a canonical calibrating 4-form Φ on R8 − {0}. A minimal 3-
submanifold in S7 is called associative if its cone is calibrated by Φ.
In this paper, we classify two types of fundamental associative sub-
manifolds in the squashed S7. One is obtained by the intersection with
a 4-plane and the other is homogeneous. Then we study their infinites-
imal associative deformations and explicitly show that all of them are
integrable.
1 Introduction
A Riemannian 7-manifold (Y, g) is called a nearly parallel G2-manifold if its
cone (C(Y ), g) = (R>0 × Y, dr2 + r2g) has holonomy contained in Spin(7). The
existence of such a structure is equivalent to that of a spin structure with a real
Killing spinor ([1]), which is also used in supergravity and superstring theory in
physics. There is a canonical calibrating 4-form Φ on C(Y ). A 3-submanifold
M in Y is called associative if its cone C(M) is Cayley, i.e. it is calibrated by
Φ.
By definition, Sasaki-Einstein manifolds, especially 3-Sasakian manifolds,
admit nearly parallel G2-structures. Moreover, every compact 3-Sasakian 7-
manifold admits a second nearly parallel G2-structure whose cone metric has
full holonomy Spin(7)([4]). The 7-sphere S7 with this second nearly parallel
G2-structure is called the squashed S
7.
Associative submanifolds in the standard S7 were studied by Lotay [7]. In
this paper, we study some fundamental associative submanifolds in the squashed
S7 and compare the properties.
First, we find some fundamental examples of associative submanifolds in the
squashed S7. Fibers of the Hopf fibration π : S7 → S4 are associative. More
generally, the Hopf lifts of I
′
1-holomorphic curves in CP
3 are also associative in
the squashed S7(Proposition 4.9), where I
′
1 is an almost complex structure on
CP 3 given by (4.2).
Next, we classify associative submanifolds obtained by the intersection with a
4-plane. Note that the automorphism group of the squashed S7 is Sp(1)Sp(2) =
Sp(1)× Sp(2)/{±(1, 1)} (Lemma 4.5).
∗The author is supported by Grant-in-Aid for JSPS fellows (26-7067).
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Theorem 1.1. Let V ⊂ R8 = C4 be a 4-plane. Suppose that V ∩S7 is associa-
tive in the squashed S7. Then up to the Sp(1)Sp(2)-action, V is either
V1 = {(z1, z2, 0, 0) ∈ C4; z1, z2 ∈ C} or V2 = {(z1, 0, z3, 0) ∈ C4; z1, z3 ∈ C}.
In other words, the space M of 4-planes whose intersections with S7 are asso-
ciative is described as
M = Sp(1)Sp(2)/K1 ⊔ Sp(1)Sp(2)/K2,
where K1 = Sp(1)(Sp(1)× Sp(1)), and K2 = U(1)U(2).
Remark 1.2. We see that M consists of two connected components, while
the corresponding space in the standard S7 is a homogeneous space Spin(7)/K,
where K = SU(2)3/Z2 ([5]).
Note that V1 is a quaternionic plane in C
4 = H2 and V2 arises from a
horizontal I1-curve of CP
3 in the sense of Remark 4.10. Moreover, both Vj∩S7,
where j = 1, 2, are totally geodesic submanifolds in the squashed S7. Actually,
we should classify totally geodesic associative submanifolds, but it would be
difficult because the squashed S7 is neither a space of the constant curvature
nor a symmetric space. It is just a homogeneous space Sp(1)Sp(2)/Sp(1)Sp(1).
Next, we classify homogeneous associative submanifolds.
Theorem 1.3. Let A be a connected associative 3-fold in the squashed S7 ⊂ C4
which is the orbit of a closed Lie subgroup of Sp(1)Sp(2). Then, up to the
Sp(1)Sp(2)-action, A is one of the following.
1. L1 = V1 ∩ S7, where V1 is given in Theorem 1.1,
2. L2 = V2 ∩ S7, where V2 is given in Theorem 1.1,
3. A1 = T
3 · 12 t(1, 1, 1, i) ∼= T 3, where the T 3-action is given by (6.1),
4. A2 = SU(2) · t(1, 0, 0, 0) ∼= SU(2)/Z3, where the SU(2)-action is given by
(6.9),
5. A3 = SU(2) · t(0, 0, 1, 0) ∼= SU(2), where the SU(2)-action is given by (6.9).
Remark 1.4. Since T 3 in (6.1) and SU(2) in (6.9) are contained in SU(4) ⊂
Spin(7) by an appropriate change of coordinates, we obtain the similar orbits
A1, A2, and A3 as in the standard S
7 case ([7]). However, since G2 is not
contained in Sp(1)Sp(2), there are no corresponding associative orbits in the
squashed S7 to Lagrangian (totally real) submanifolds in S6 classified by [9].
Remark 1.5. The examples A1, A2, and A3 are Hopf lifts of I
′
1-holomorphic
curves in CP 3, where I
′
1 is an almost complex structure on CP
3 given by (4.2).
In particular, A2 (resp. A3) is a Hopf lift of a horizontal holomorphic curve
(resp. a null-torsion I
′
1-holomorphic curve defined in Definition 7.15) in CP
3.
Thus, unfortunately, we cannot find homogeneous examples which do not arise
from other geometries as in the standard S7 case ([7]). It is a further problem to
find an associative submanifold which is not congruent to the fiber of S7 → S4
or the Hopf lift of an I
′
1-holomorphic curve in CP
3 by the Sp(1)Sp(2)-action.
As far as the author is aware, such examples are not known so far.
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However, by virtue of this property, we can explain their associative defor-
mations.
Theorem 1.6. The associative deformations of L1, L2, and A1 are trivial, i.e.
all the associative deformations come from the Sp(1)Sp(2)-action, while A2 and
A3 have nontrivial associative deformations.
All the associative deformations of A2 consist of deformations of p1(A2) as
a horizontal holomorphic curve, i.e. those from the PGL(4,C)-action on CP 3
via the Hopf lift, and those from actions of j, k ∈ Sp(1), where p1 : S7 → CP 3
is a projection.
All the associative deformations of A3 consist of deformations of p1(A3) as
a null-torsion holomorphic curve, and those from actions of j, k ∈ Sp(1).
Remark 1.7. The deformations of the associative submanifolds in the stan-
dard S7 are studied by the author ([6]). We could not explain the deformation
space of the associative submanifold corresponding to A3, which did not arise
from other known geometries. However, in the squashed S7 case, the associa-
tive deformations of A3 are explained by the property in Remark 1.5. We use
the one-to-one correspondence between null-torsion I
′
1-holomorphic curves and
horizontal holomorphic curves in CP 3 ([12]).
This paper is organized as follows. In Section 2, we review the fundamental
facts of G2 and Spin(7) geometry. In Section 3, we review the canonical variation
and summarize some useful equations. In Section 4, we apply it to the 7-sphere
S7 and describe the nearly parallel G2-structure on the squashed S
7 explicitly.
Then we give basic examples of associative submanifolds in the squashed S7.
In Section 5, we prove Theorem 1.1 by choosing a “good” frame by Sp(1)Sp(2)-
action. In Section 6, we prove Theorem 1.3 as an analogue of [7], [9]. In Section
7, we prove Theorem 1.6 by using the representation theory as [6], [10].
Acknowledgements: The author would like to thank Professor KatsuyaMashimo
for his valuable advice about the representation theory.
2 Preliminaries
2.1 G2 and Spin(7) geometry
Definition 2.1. Define a 3-form ϕ0 on R
7 by
ϕ0 = dx123 + dx1(dx45 + dx67) + dx2(dx46 − dx57)− dx3(dx47 + dx56),
where (x1, · · · , x7) is the standard coordinate on R7 and wedge signs are omit-
ted. The Hodge dual of ϕ0 is given by
∗ϕ0 = dx4567 + dx23(dx67 + dx45) + dx13(dx57 − dx46)− dx12(dx56 + dx47).
Decompose R8 = R ⊕ R7 and denote by x0 the coordinate on R. Define a
self-dual 4-form Φ0 on R
8 by
Φ0 = dx0 ∧ ϕ0 + ∗ϕ0.
If we identify R8 ∼= C4 via R8 ∋ (x0, · · · , x7) 7→ (x0+ ix1, x2+ ix3, x4+ ix5, x6+
ix7) =: (z1, z2, z3, z4) ∈ C4, then Φ0 is described as
Φ0 =
1
2
ω0 ∧ ω0 +ReΩ0,
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where ω0 =
i
2
∑4
j=1 dzjj and Ω0 = dz1234 are the standard Ka¨hler form and the
holomorphic volume form on C4, respectively.
The stabilizers of ϕ0 and Φ0 are the exceptional Lie group G2 and Spin(7),
respectively:
G2 = {g ∈ GL(7,R); g∗ϕ0 = ϕ0}, Spin(7) = {g ∈ GL(8,R); g∗Φ0 = Φ0}.
The Lie group G2 fixes the standard metric g0 =
∑7
i=1(dxi)
2 and the orien-
tation on R7. They are uniquely determined by ϕ0 via
6g0(v1, v2)volg0 = i(v1)ϕ0 ∧ i(v2)ϕ0 ∧ ϕ0, (2.1)
where volg0 is a volume form of g0, i(·) is the interior product, and vi ∈ T (R7).
Similarly, Spin(7) fixes the standard metric h0 =
∑7
i=0(dxi)
2 and the orien-
tation on R8. They are uniquely determined by Φ0 via
Φ20 = 14volh0 , (i(w2)i(w1)Φ0)
2 ∧ Φ0 = 6‖w1 ∧ w2‖2h0volh0 , (2.2)
where volh0 is a volume form of h0, and wi ∈ T (R8).
Definition 2.2. Let Y be an oriented 7-manifold and ϕ a 3-form on Y . A
3-form ϕ is called a G2-structure on Y if for each y ∈ Y , there exists an
oriented isomorphism between TyY and R
7 identifying ϕy with ϕ0. From (2.1),
ϕ induces the metric g and the volume form on Y . A G2-structure ϕ is said
to be nearly parallel if dϕ = 4 ∗ ϕ. We call a manifold with a nearly parallel
G2-structure a nearly parallel G2-manifold for short. A G2-structure ϕ is
called torsion-free if dϕ = 0, d ∗ ϕ = 0.
LetX be an oriented 8-manifold and Φ a 4-form onX . A 4-form Φ is called a
Spin(7)-structure on X if for each x ∈ X , there exists an oriented isomorphism
between TxX and R
8 identifying Φx with Φ0. From (2.2), Φ induces the metric
h and the volume form on X . A Spin(7)-structure Φ is called torsion-free if
dΦ = 0.
Lemma 2.3. [11] A G2-structure ϕ is torsion-free if and only if Hol(g) ⊂ G2.
A Spin(7)-structure Φ is torsion-free if and only if Hol(h) ⊂ Spin(7).
Lemma 2.4. The 3-form ϕ is a nearly parallel G2-structure if and only if
its Riemannian cone C(Y ) = R>0 × Y admits a torsion-free Spin(7)-structure
Φ = r3dr ∧ ϕ+ r4 ∗ ϕ with the induced cone metric g = dr2 + r2g.
Next, we give a summary of the facts about the submanifolds. Let Y be a
manifold with a G2-structure ϕ and the induced metric g.
Lemma 2.5. [5] For every oriented k-dimensional subspace V k ⊂ TpY (∀p ∈
Y, k = 3, 4), we have ϕ|V 3 ≤ volV 3 , ∗ϕ|V 4 ≤ volV 4 . An oriented 3-submanifold
L3 ⊂ Y is called associative if ϕ|TL3 = volL3 . An oriented 4-submanifold L4
is called coassociative if ∗ϕ|TL4 = volL4 .
Lemma 2.6. [5] An oriented 3-submanifold L3 is associative if and only if
∗ϕ(v1, v2, v3, ·) = 0 for any vj ∈ TL3. An oriented 4-submanifold L4 is coasso-
ciative if and only if ϕ|TL4 = 0.
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Remark 2.7. Define the cross product × : TY × TY → TY by
g(u× v, w) = ϕ(u, v, w)
for u, v, w ∈ TY . When L3 is associative, there exists an orthonormal basis
{e1, e2, e3} satisfying e3 = e1 × e2 at any point in L3.
Definition 2.8. LetX be a manifold with a Spin(7)-structure Φ. Then for every
oriented 4-dimensional subspace W ⊂ TxX (∀x ∈ X), we have Φ|W ≤ volW .
An oriented 4-submanifold N ⊂ X is called Cayley if Φ|TN = volN .
Lemma 2.9. Let (Y, ϕ, g) be a nearly parallel G2-manifold and L ⊂ Y be an
oriented 3-submanifold. By Lemma 2.4, C(Y ) is a manifold with a torsion-free
Spin(7)-structure Φ. Then L ⊂ Y is associative if and only if C(L) ⊂ C(Y ) is
Cayley.
Lemma 2.10. [7] There are no coassociative submanifolds of a nearly parallel
G2-manifold (Y, ϕ, g).
Proof. If L is a coassociative submanifold, we have ϕ|TL = 0, which implies
that 4volL = 4 ∗ ϕ|TL = dϕ|TL = 0. This is a contradiction.
3 Canonical variation
3.1 Riemannian submersion
We give a summary of Chapter 9 of [2]. Let (M, g) and (B, h) be Riemannian
manifolds and suppose that there exists a Riemannian submersion π : (M, g)→
(B, h). Decompose the tangent bundle TM = V ⊕H, where a vertical distribu-
tion V is a vector subbundle tangent to the fibers π :M → B, and a horizontal
distribution H is the orthogonal complement bundle of V . Denote by ∇ the
Levi-Civita connection of g.
Definition 3.1. Define (1,2)-tensors A, T ∈ C∞(M,⊗2T ∗M ⊗ TM) by
AEF = (∇E⊤F⊥)⊤ + (∇E⊤F⊤)⊥, TEF = (∇E⊥F⊥)⊤ + (∇E⊥F⊤)⊥,
for E,F ∈ X(M), where ⊤ : TM → H and ⊥: TM → V are projections.
Remark 3.2. The distribution H is involutive if and only if A ≡ 0. The fibers
of π :M → B are totally geodesic if and only if T ≡ 0.
In the following, we suppose that T ≡ 0.
Lemma 3.3. Let X,Y be the horizontal vector fields, U, V be the vertical vector
fields, and E,F be any vector fields on M . We have
AUX = 0, AUV = 0, AXU = (∇XU)⊤, AXY = (∇XY )⊥,
AXY = −AYX, AXY = 1
2
[X,Y ]⊥, g(AXE,F ) = −g(E,AXF ).
which implies that
∇UV = (∇UV )⊥, ∇UX = (∇UX)⊤,
∇XU = (∇XU)⊥ +AXU, ∇XY = AXY + (∇XY )⊤.
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3.2 Canonical Variation
For s, t > 0, define the canonical variation g˜ of the Riemannian metric g on
M by
g˜|V×V = s2g|V×V , g˜|H×H = t2g|H×H, g˜|H×V = 0.
Remark 3.4. Usually, we set t = 1 for simplicity. However, we introduce a
parameter t to define the nearly parallel G2-structure. See Proposition 4.3.
Denote by ∇˜ the Levi-Civita connection of g˜. Set (1,2)-tensors A˜ and T˜ as
in Definition 3.1.
Remark 3.5. The assumption T ≡ 0 implies that T˜ ≡ 0 for all s, t > 0.
Under the canonical variation, the tensor A in Definition 3.1 and the Levi-
Civita connection are changed as follows.
Lemma 3.6. Let X,Y be the horizontal vector fields, and U, V be the vertical
vector fields on M . We have
A˜XY = AXY, A˜XU =
s2
t2
AXU,
∇˜XY = ∇XY, ∇˜UV = ∇UV,
∇˜XU = s
2
t2
(∇XU)⊤ + (∇XU)⊥,
∇˜UX = s
2
t2
(∇UX)⊤ +
(
1− s
2
t2
)
[U,X ]⊤.
This lemma implies the following useful equation.
Lemma 3.7. For E1, E2 ∈ X(M), we have
∇˜E1E2 −∇E1E2 =
(
−1 + s
2
t2
)
(AE1E
⊥
2 +AE2E
⊥
1 ).
4 Nearly parallel G2-structure on the squashed
S
7
The standard S7 admits a canonical nearly parallel G2-structure. By the canon-
ical variation, we obtain the second nearly parallel G2-structure on S
7 (Propo-
sition 4.3). First, we review a 3-Sasakian structure on S7.
4.1 3-Sasakian structure on S7
Consider the following Lie groups:
Sp(1) = {a1 + a2j ∈ H; ai ∈ C, |a1|2 + |a2|2 = 1},
Sp(2) = {g ∈ GL(2,H); g preserves the metric on H2}
= {g ∈ U(4); tgJg = J}
= {(u, Ju, v, Jv) ;u, v ∈ C4, |u| = |v| = 1, 〈v, u〉C = 〈v, Ju〉C = 0},
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where J =
(
J ′ 0
0 J ′
)
, J ′ =
(
0 −1
1 0
)
, and 〈·, ·〉C : C4 × C4 → C is the
standard Hermitian metric on C4.
Let Sp(1)× Sp(2) act on H2 by
(q, A) · (q1, q2) = q(q1, q2)tA,
where (q, A) ∈ Sp(1)×Sp(2), (q1, q2) ∈ H2. Via the identificationC4 ∋ (z1, · · · , z4) 7→
(z1 + z2j, z3 + z4j) ∈ H2, the Sp(1)-action on C4 is described as
(a1 + a2j) · u = a1u+ a2Ju, (4.1)
where u ∈ C4, and Sp(2) ⊂ U(4) acts on C4 canonically. By definition, the
Sp(1)-action commutes with the Sp(2)-action.
The actions of i, j, k ∈ Sp(1) induce complex structures I1, I2, I3 on C4,
respectively, and hence induce the 3-Sasakian structure {(Φi, ξi, ηi, g)}i=1,2,3 on
S7, where g is the standard metric on S7, and a vector field ξi ∈ X(S7), a 1-form
ηi ∈ Ω1(S7), and a (1, 1)-tensor Φi ∈ C∞(S7,End(TS7)) are defined by
(ξi)z = −Ii(z), where z ∈ C4,
ηi = g(ξi, ·),
Φi =
{
Ii (on Kerηi)
0 (on Rξi).
Note that the following conditions are satisfied:
Φi+2 = Φi ◦ Φi+1 − ηi+1 ⊗ ξi = −Φi+1 ◦Φi + ηi ⊗ ξi+1,
ξi+2 = Φi(ξi+1) = −Φi+1(ξi),
ηi+2 = ηi ◦ Φi+1 = −ηi+1 ◦ Φi,
where i ∈ Z/3. These tensors are described explicitly as follows.
Lemma 4.1.
ξ1 = −it(z1, z2, z3, z4),
ξ2 =
t(z2,−z1, z4,−z3),
ξ3 = i
t(z2,−z1, z4,−z3),
η1 = Im

 4∑
j=1
zjdzj

 , η2 + iη3 = −z1dz2 + z2dz1 − z3dz4 + z4dz3,
dη1 = −i
4∑
j=1
dzjj = −2g(Φ1(·), ·), d(η2 + iη3) = −2(dz12 + dz34).
4.2 Second nearly parallel G2-structure on S
7
Applying the canonical variation to a Riemannian submersion π : S7 → S4 =
HP 1, we obtain the second nearly parallel G2-structure (ϕ˜, g˜) on S
7. Denote
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by ωi =
1
2Dηi =
1
2dηi((·)⊤, (·)⊤) ∈ Ω2(S7) the covariant differentiation of 12ηi,
where ⊤ : TS7 → H is a canonical projection. In other words, we have
ω1 =
1
2
dη1 + η23, ω2 =
1
2
dη2 + η31, ω3 =
1
2
dη3 + η12.
since [ξi, ξi+1] = 2ξi+2 for i ∈ Z/3. On the other hand, it is well-known that
1
2dηi = −g(Φi(·), ·). For example, see Section 2 of [10]. Then we deduce that
ωi = −g(Φi(·)⊤, (·)⊤) for i = 1, 2, 3.
Remark 4.2. Take any unit vector X0 ∈ H and set Xi = Φi(X0) for i = 1, 2, 3.
Denote by {X i} the dual of {Xi}. Then we have
ω1 = −(X01 +X23), ω2 = −(X02 +X31), ω3 = −(X03 +X12).
Proposition 4.3. [4] Define the Riemannian metric g˜, a 3-form ϕ˜ ∈ Ω3(S7),
and the 4-form ∗ϕ˜ ∈ Ω4(S7) on S7 by
g˜|V×V =
(
3
5
)2
g|V×V , g˜|H×H =
(
3√
5
)2
g|H×H, g˜|H×V = 0,
ϕ˜ =
27
25
(
1
5
η123 +
3∑
i=1
ηi ∧ ωi
)
,
∗ϕ˜ = 27
25
(
1
2
3∑
i=1
ω2i +
3
5
(η23 ∧ ω1 + η31 ∧ ω2 + η12 ∧ ω3)
)
.
Then (ϕ˜, g˜) is a nearly parallel G2-structure with Hol(g˜) = Spin(7) and ∗ϕ˜ is a
Hodge dual of ϕ˜ with respect to g˜. We call (S7, ϕ˜, g˜) the squashed S7.
Outline of the proof. Set
g˜|V×V = s2g|V×V , g˜|H×H = t2g|H×H, g˜|H×V = 0,
ϕ˜ = s3η123 + st
2
3∑
i=1
ηi ∧ ωi,
for s, t > 0. We find s, t > 0 satisfying dϕ˜ = 4 ∗ ϕ˜. Setting G1 = s3η123, G2 =
st2
∑3
i=1 ηi ∧ ωi, we have
∗G1 = t
4
6
3∑
i=1
ω2i , ∗G2 = s2t2(η23 ∧ ω1 + η31 ∧ ω2 + η12 ∧ ω3),
d(η123) =
2
s2t2
∗G2, d
(
3∑
i=1
ηi ∧ ωi
)
=
12
t4
∗G1 + 2
s2t2
∗G2.
Then we see that dϕ˜ = 12s ∗G1+(2st2 + 2s )∗G2, and hence dϕ˜ = 4∗ ϕ˜ is equivalent
to s = 3/5, t = 3/
√
5. The metric g˜ is not Sasaki-Einstein, and hence satisfies
Hol(g˜) = Spin(7) by the classification of the dimensions of the spaces of real
Killing spinors.
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Remark 4.4. [4] Proposition 4.3 is valid for any compact 3-Sasakian manifolds.
The metric g˜ is Einstein if and only if s = t or s = t/
√
5.
Since η1 = Im(
tzdz), η2 + iη3 = −dtz · Jz, where z = t(z1, z2, z3, z4), Sp(2)
preserves ηj(j = 1, 2, 3). For q = a1 + a2j ∈ Sp(1), we have (q∗η1, q∗η2, q∗η3) =
(η1, η2, η3)
tMq, where Mq ∈ SO(3) is described as
Mq =

 |a1|2 − |a2|2 2Im(a1a2) 2Re(a1a2)2Im(a1a2) Re(a21 + a22) Im(−a21 + a22)
−2Re(a1a2) Im(a21 + a22) Re(a21 − a22)

 .
Hence we see that Sp(2) and Sp(1) preserve g|H×H, g|V×V , g˜ and ϕ˜. In fact, we
have the following.
Lemma 4.5. [4] The automorphism group of the squashed (S7, ϕ˜, g˜) is Sp(1)Sp(2) =
Sp(1)× Sp(2)/{±(1, 1)}.
Remark 4.6. In this paper, we often consider the subgroup of Sp(1)Sp(2). If
there may be some confusion, denoting Sp(1) = Sp(1)L and Sp(2) = Sp(2)R, we
distinguish subgroups of Sp(1)Sp(2) = Sp(1)LSp(2)R.
Lemma 4.7. For any E1, E2 ∈ X(S7), we have
g˜(E1, E2) = −36
25
3∑
j=1
ηj(E1)ηj(E2) +
9
5
g(E1, E2),
∇˜E1E2 −∇E1E2 =
4
5
Θ(E1, E2),
where Θ ∈ C∞(S7,⊗2T ∗S7) is defined by
Θ(E1, E2) =
3∑
i=1
(ηi(E1)Φi(E2) + ηi(E2)Φi(E1)) .
Proof. The first equation is proved easily and we omit the proof. Set (s, t) =(
3/5, 3/
√
5
)
in Lemma 3.7. Since AXU = −
∑3
i=1 ηi(U)Φi(X) for a horizontal
vector X and a vertical vector U , we have
∇˜E1E2 −∇E1E2 =
4
5
3∑
i=1
(
ηi(E1)Φi(E
⊤
2 ) + ηi(E2)Φi(E
⊤
1 )
)
.
We easily see that the right hand side is equal to 45Θ(E1, E2).
4.3 Associative submanifolds of the squashed S7
By the definition of ϕ˜ in Proposition 4.3, we see the following.
Remark 4.8. There are no horizontal associative submanifolds, i.e. there are
no associative submanifolds whose tangent spaces are contained in H.
Let π : S7 → S4 and p1 : S7 → CP 3 be the Hopf fibrations and p2 : CP 3 →
S4 be the twistor fibration satisfying π = p2 ◦ p1. Denote by V and H the
distributions of CP 3 induced by V and H, respectively. In other words, V is
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a vector subbundle of TCP 3 tangent to the fibers p2, and H is the orthogonal
complement bundle of V . By an abuse of notation, denote by I1 the standard
complex structure on CP 3 induced from the standard complex structure I1 on
C4. Define the almost complex structure I
′
1 on CP
3 by
I
′
1|V = −I1|V , I
′
1|H = I1|H. (4.2)
The almost complex structure I
′
1 is never integrable, and defines the nearly
Ka¨hler structure on CP 3.
Proposition 4.9. Let Σ ⊂ CP 3 be an I ′1-holomorphic curve. Then the Hopf
lift p−11 (Σ) ⊂ S7 of Σ is associative in the squashed S7.
Proof. Use the notation of Remark 4.2 and Proposition 4.3. Setting η˜i = (3/5)ηi
and X˜ i = (3/
√
5)X i, we have
ϕ˜ = η˜1(η˜23 − X˜01 − X˜23)− η˜2(X˜02 + X˜31)− η˜3(X˜03 + X˜12).
Then we obtain η˜23 − X˜01− X˜23 = −G˜(I ′1(·), ·), where G˜ = η˜2 ⊗ η˜2 + η˜3 ⊗ η˜3 +∑3
j=0 X˜
j ⊗ X˜j , which gives the proof.
Remark 4.10. Each fiber F ∼= S2 of p2 is an obvious I ′1-holomorphic curve.
Then the Hopf lift p−11 (F ) = π
−1(∗) of F is associative. This is the intersection
of a quaternionic plane and S7.
If Σ ⊂ CP 3 is a horizontal I1-holomorphic curve, where we call the curve Σ
horizontal if TΣ ⊂ H|Σ, Σ ⊂ CP 3 is also an I ′1-holomorphic curve. Thus the
Hopf lift p−11 (Σ) is associative. Since I1 is the standard complex structure, we
know many examples of these curves.
5 Classification of Cayley planes
In this section, we prove Theorem 1.1. Let V 4 ⊂ R8 be a 4-plane. We classify
the associative submanifolds of the form V ∩ S7 by choosing a “good” frame of
V by the Sp(1)Sp(2)-action to consider the associative condition.
Suppose that V is spanned by e0, · · · , e3 (ei ∈ C4 = R8). Since Sp(1)Sp(2)
acts transitively on S7, we may assume that
e0 =
t(1, 0, 0, 0).
The stabilizer of Sp(1)Sp(2) at e0 is diffeomorphic to Sp(1)Sp(1), which acts on
S7 as [(p, q)] · (q1, q2) = (pq1p, pq2q), where [(p, q)] ∈ Sp(1)Sp(1) and (q1, q2) ∈
S7 ⊂ H2 = R8. Thus we may assume that
e1 =
t(ci, 0, s, 0),
for c, s ≥ 0, c2 + s2 = 1. Since {[(z, z)]; z ∈ U(1)} ⊂ Sp(1)Sp(1) fixes e1, by
sweeping out the first entry, we may assume that
e2 =
t(0, A2, A3 + iB3, A4 + iB4),
for Aj , Bk ∈ R, A2 ≥ 0.
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Lemma 5.1. We have
5
3
(e1 × e2)e0 = t(5B3si, 5A4s+ (−A2c+ 5B4s)i,−B3c+A3ci, (−B4c−A2s) +A4ci).
Thus denoting by e3 the left-hand side, we see that spanR{e1, e2, e3} ⊂ Te0S7
is associative. We deduce the condition by calculating ∗ϕ˜(ei, ej , ek, ·)el = 0 in
the following cases:
(1) c > 0, A2 > 0,
(2) c > 0, A2 = 0,
(3) c = 0.
Lemma 5.2. In the case (1), the condition ∗ϕ˜(e0, e2, e3, ·)e1 = 0 is equivalent
to
(i) s = 0,
(ii) s 6= 0, A3 = B3 = 0, c2 − 3s2 = 0, or
(iii) s 6= 0, A3 = B3 = 0, c(A22 + 3A24 + 3B24)− 2sA2B4 = 0.
We abbreviate the case that (1) and (ii) hold as the case (1)-(ii) in the
following.
Lemma 5.3. In the case (1)-(ii) or (1)-(iii), by normalizing e2, we may assume
that A22 +A
2
4 +B
2
4 = 1. Then ∗ϕ˜(e0, e1, e3, ·)e2 = 0 is equivalent to
(a) A4 = B4 = 0,
(b) A4 = 0, A
2
2 − 3B24 = 0, or
(c) A4 = 0, (c
2 + 3s2)A2 − 2csB4 = 0.
Proof of Lemma 5.1. At e0, we have
ξ1 =
t(−i, 0, 0, 0),
ξ2 =
t(0,−1, 0, 0),
ξ3 =
t(0,−i, 0, 0).
Setting X0 =
t(0, 0, 1, 0), we see X0 ∈ He0 . Then Xi = Φi(X0) for i = 1, 2, 3 is
described as
X1 =
t(0, 0, i, 0),
X2 =
t(0, 0, 0, 1),
X3 =
t(0, 0, 0, i),
and we have
e1 = −cξ1 + sX0,
e2 = −A2ξ2 +A3X0 +B3X1 +A4X2 +B4X3.
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By the definition of ϕ˜ in Proposition 4.3, we obtain
ϕ˜(e1, e2, ·)e0 =
27
125
c(A2η3 + 5A3X
1 − 5B3X0 + 5A4X3 − 5B4X2)
+
27
25
s(−A2X2 −B3η1 −A4η2 − B4η3).
Since g˜ = 925
∑3
i=1 ηi +
9
5
∑3
a=0X
a, we obtain the lemma.
Proof of Lemma 5.2. As in the proof of Lemma 5.1, we have at e1
ξ1 =
t(c, 0,−is, 0),
ξ2 =
t(0, ic, 0,−s),
ξ3 =
t(0,−c, 0,−is).
Setting X0 =
t(0, is, 0, c) ∈ He1 , Xi = Φi(X0) for i = 1, 2, 3 is described as
X1 =
t(0,−s, 0, ic),
X2 =
t(is, 0,−c, 0),
X3 =
t(−s, 0,−ic, 0).
Then by a direct computation, ∗ϕ˜(e0, e2, e3, ·)e1 = 0 is equivalent to
4s(c2 − 3s2)(cA22 + 3cA24 + 3cB24 − 2sA2B4) = 0, (5.1)
s
(
c(−2s2 + c2) −2s3 c(3s2 + c2)
3sc 3s2 + c2 −2sc
) A3A4A2B3
B3B4

 = 0, (5.2)
s
(
sc c2 − 2s2 −(3s2 + c2)
c −3s −2s
) A2A3A3B4
B3A4

 = 0. (5.3)
It is clear that s = 0 is a solution of (5.1), (5.2) and (5.3). We may assume that
s 6= 0. From (5.2) and (5.3), we have
(A3A4, A2B3, B3B4) = k(−(c2 + 5s2), 5sc, c2),
(A2A3, A3B4, B3A4) = l(5s, c, c),
for k, l ∈ R. Since A3A4B3B4 = −k2c2(c2 + 5s2) = l2c2, we obtain k = l = 0.
The assumption A2 > 0 gives A3 = B3 = 0.
Proof of Lemma 5.3. As in the proof of Lemma 5.1, we have at e1
ξ1 =
t(0,−iA2, 0, B4 − iA4),
ξ2 =
t(A2, 0, A4 − iB4, 0),
ξ3 =
t(iA2, 0, B4 + iA4, 0).
Setting X0 =
t(A4 + iB4, 0,−A2, 0) ∈ He2 , Xi = Φi(X0) for i = 1, 2, 3 is
described as
X1 =
t(−B4 + iA4, 0,−iA2, 0),
X2 =
t(0, A4 − iB4, 0,−A2),
X3 =
t(0, B4 + iA4, 0,−iA2).
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Then by a direct computation, ∗ϕ˜(e0, e1, e3, ·)e2 = 0 is equivalent to
A4{cA2(cA22 − 2sA2B4 − 3cA24 − 3cB24)
+6B4s(−3sA2B4 + 2cA24 + 2cB24)} = 0, (5.4)
(c2 + 3s2)A32B4 − 2csA22B24 + 3(3s2 − c2)A2A24B4
−3(c2 + 3s2)A2B34 − 6csA44 + 6csB44 = 0, (5.5)
sA2A4(cA
2
2 − 2sA2B4 + 3cA24 + 3cB24) = 0. (5.6)
Suppose that A4 6= 0 for a contradiction. Then (5.6) implies that
cA22 − 2sA2B4 + 3cA24 + 3cB24 = 0. (5.7)
Eliminating A24 and B
2
4 from (5.4), we have 2A2(cA2 − 5sB4)(cA2 + sB4) = 0.
However, the left hand side of (5.7) is greater than 0 when B4 =
c
5sA2 or − csA2.
Thus we have A4 = 0.
Then the left-hand sides of (5.4) and (5.6) vanish, and that of (5.5) is equal
to B4(A
2
2 − 3B24){(c2 + 3s2)A2 − 2csB4}, hence the proof is done.
Proof of Theorem1.1. From Lemma 5.2 and 5.3, we consider the following cases:
Case (1)-(i) By the Sp(1)-action, we may assume that B3 = A4 = B4 = 0.
Normalizing e2, we may assume A
2
2 + A
2
3 = 1. Then as in the proof of Lemma
5.2, ∗ϕ˜(e0, e1, e3, ·)e2 = 0 is equivalent to A3(A22 −A23) = 0. Hence we have
(c, s, A2, A3, B3, A4, B4) =(1, 0, 1, 0, 0, 0, 0), (5.8)(
1, 0,
√
3
2
,±1
2
, 0, 0, 0
)
. (5.9)
Case (1)-(ii)-(a) By normalizing e2, we have A2 = 1. Then we see
(c, s, A2, A3, B3, A4, B4) =
(√
3
2
,
1
2
, 1, 0, 0, 0, 0
)
. (5.10)
In case (1)-(ii)-(b), (1)-(ii)-(c), and (1)-(iii)-(b), we have the following solu-
tions:
(c, s, A2, A3, B3, A4, B4) =
(√
3
2
,
1
2
,
√
3
2
, 0, 0, 0,±1
2
)
, (5.11)
(√
3
2
,
1
2
,
1
2
, 0, 0, 0,
√
3
2
)
, (5.12)
(
1
2
,
√
3
2
,
√
3
2
, 0, 0, 0,
1
2
)
. (5.13)
In case (1)-(iii)-(a) and (1)-(iii)-(c), we have no solutions.
The solution (5.8) corresponds to the H-plane. The planes corresponding to
(5.10), (5.11), (5.12), and (5.13) are congruent up to the Sp(1)Sp(2)-action
to that of (5.9), which is not associative at (e0 + e1)/
√
2 since ∗ϕ˜((−e0 +
e1)/
√
2, (e2 − e3)/
√
2, (e2 + e3)/
√
2)(e0+e1)/
√
2 6= 0.
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Case (2) We may assume that the first and the second entries of e3 are zero.
Hence we have B3s = A4s = B4s = 0. If s 6= 0, we obtain the plane V2. If
s = 0, the corresponding plane is congruent up to Sp(2)-action to V2.
Case (3) We may assume that the first and the second entries of e2 and e3
are zero. However, this implies that e3 = 0, which is a contradiction.
6 Classification of homogeneous associative sub-
manifolds
In this section, we prove Theorem 1.3. First, we classify compact Lie subgroups
of Sp(1)Sp(2) which have 3-dimensional orbits. Let G be a compact connected
Lie subgroup of Sp(1)Sp(2). Suppose that G has a 3-dimensional orbit A. Since
G acts on A as an isometry group, dimG ≤ 3 · (3 + 1)/2 = 6 and dimG 6= 5.
(see [13], Chapter IV, Theorem 9.1). We only have to consider the Lie algebra
g ⊂ sp(1)⊕ sp(2) of G.
6.1 Case dim g = 3
Suppose that dim g = 3. By the classification of the compact Lie algebras, g is
isomorphic to su(2) or t3, where t3 is a Lie algebra of the 3-torus T 3. The case
g = t3 corresponds to the inclusion T 3 →֒ U(1)Sp(2) ⊂ U(4) given by
(eiα, eiβ , eiγ) 7→ diag(ei(α+β), ei(α−β), ei(α+γ), ei(α−γ)), (6.1)
which is a maximal torus of Sp(1)Sp(2) and induces the T 3-action on S7. Define
the basis {F1, F2, F3} of the Lie algebra t3 ∼= R3 of T 3 by
F1 = (1, 0, 0), F2 = (0, 1, 0), F3 = (0, 0, 1). (6.2)
Via the inclusion t3 →֒ u(1)⊕ sp(2), F1, F2, F3 correspond to

i
i
i
i

 ,


i
−i
0
0

 ,


0
0
i
−i

 , (6.3)
respectively.
When g = su(2), we see that su(2) = sp(1)L or su(2) ⊂ sp(2)R. Suppose that
su(2) ⊂ sp(2)R. Recall that any representation of the compact Lie group SU(2)
is completely reducible and the dimension of the real irreducible representation
of SU(2) is of the form 4k, 2l − 1(k, l ≥ 1). Thus we have 3 types of inclusions
su(2) →֒ so(5) given by
su(2) = so(3) →֒ so(5),
su(2) →֒ so(4) →֒ so(5),
su(2) →֒ so(5): irreducibly.
The identification sp(2) = so(5) induces three types of inclusions SU(2) →֒
Sp(2). Hence we have the following four types of inclusions SU(2) →֒ Sp(1)Sp(2).
1. SU(2) = Sp(1)L acting on S
7 by (4.1),
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2. The inclusion SU(2) →֒ Sp(2) given by
(
a −b
b a
)
7→


a −b
a −b
b a
b a

 , (6.4)
which induces the SU(2)-action on S7. Define the basis {E1, E2, E3} of
the Lie algebra su(2) of SU(2) satisfying [Ei, Ei+1] = 2Ei+2 for i ∈ Z/3
by
E1 =
(
0 1
−1 0
)
, E2 =
(
0 i
i 0
)
, E3 =
(
i 0
0 i
)
. (6.5)
Via this inclusion su(2) →֒ sp(2), E1, E2, E3 correspond to

1
1
−1
−1

 ,


−i
i
−i
i

 ,


−i
i
i
−i

 , (6.6)
respectively.
3. The inclusion SU(2) →֒ Sp(2) given by
A 7→
(
A O2
O2 I2
)
. (6.7)
Via this inclusion su(2) →֒ sp(2), E1, E2, E3 correspond to
 1−1
O2

 ,

 ii
O2

 ,

 i −i
O2

 , (6.8)
respectively.
4. The inclusion SU(2) →֒ Sp(2) given by
(
a −b
b a
)
7→


a3 −b3 √3ab2 −√3a2b
b3 a3
√
3a2b
√
3ab2√
3ab2 −√3a2b a(|a|2 − 2|b|2) b(2|a|2 − |b|2)√
3a2b
√
3ab
2 −b(2|a|2 − |b|2) a(|a|2 − 2|b|2)

 ,
(6.9)
which induces the SU(2)-action on S7. This action is an irreducible repre-
sentation of SU(2) on C4. This is the induced action of SU(2) on V3 = C
4
from the standard action on C2, where we use the notation of Lemma 7.6.
Via su(2) →֒ sp(2), E1, E2, E3 correspond to

√
3
−√3√
3 −2
−√3 2

 ,


√
3i√
3i√
3i 2i√
3i 2i

 ,


3i
−3i
−i
i

 ,
(6.10)
respectively.
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6.2 Case dim g = 4
By the classification of the compact Lie algebras, g is isomorphic to su(2)⊕ R.
Since the inclusions su(2) →֒ sp(1) ⊕ sp(2) are classified, we have to find the
1-dimensional Lie subalgebras which commute with su(2). Set
Z(su(2)) = {X ∈ sp(1)⊕ sp(2); [X,Y ] = 0 for any Y ∈ su(2)}.
First consider the case su(2) = sp(1)L. Then we have Z(su(2)) = sp(2)R.
Take any 1-dimensional subspace k ⊂ sp(2)R and suppose that G is the Lie
subgroup of Sp(1)Sp(2) whose Lie algebra is su(2)⊕ k. Since the Sp(1)L-action
commutes with the Sp(2)R-action, the G-orbit through p ∈ S7 should be con-
tained in Sp(1) · p so that it is 3-dimensional. Thus this case is reduced to that
of (4.1).
Next, suppose that su(2) ⊂ sp(2) is induced from (6.4). In this case, we have
Z(su(2)) = sp(1)L ⊕ (Rdiag(i,−i, i,−i))R. The Lie subgroup G ⊂ Sp(2) whose
Lie algebra is (su(2)⊕Rdiag(i,−i, i,−i))R is U(2) whose restriction to SU(2) is
given by (6.4). This U(2) action has the same orbits as the SU(2)-action. The
new 3-dimensional orbits do not appear from sp(1)L, and this case is reduced
to that of (6.4).
Suppose that su(2) ⊂ sp(2) is induced from (6.7). In this case, we have
Z(su(2)) = sp(1)L⊕
(
O2
su(2)
)
R
. This case is also reduced to that of (6.7)
in the same way.
Suppose that su(2) ⊂ sp(2) is induced from (6.9). In this case, we have
Z(su(2)) = sp(1)L. This case is also reduced to that of (6.9) in the same way.
6.3 Case dim g = 6
By the classification of the compact Lie algebras, g is isomorphic to su(2)⊕ t3 or
su(2)⊕ su(2). When g ∼= su(2)⊕ t3, we have g ∼= t1L⊕ (su(2)⊕ t2)R. Since there
are no 2-dimensional commutative Lie subalgebras of sp(2) which commute with
su(2) by Section 6.2, this case does not occur.
When g ∼= su(2)⊕su(2), we haveG = Sp(1)L·SU(2)R or
(
SU(2)
SU(2)
)
R
,
which reduces to the case above.
Thus we only have to consider the orbits of (6.1), (4.1), (6.4), (6.7), and
(6.9).
6.4 T 3-orbits
We classify associative submanifolds which are orbits of T 3 acting on S7 as (6.1).
Proposition 6.1. Up to the Sp(1)Sp(2)-action, T 3 · 12 t(1, 1, 1, i) is the unique
associative submanifold in the squashed S7 which is an orbit of the T 3-action.
Remark 6.2. The associative orbit A1 = T
3 · 12 t(1, 1, 1, i) is the Hopf lift of a
I
′
1-holomorphic curve in CP
3, where I
′
1 is defined by (4.2). We have
A1 =
{
t(z1, z2, z3, z4) ∈ S7; |z1| = |z2| = |z3| = |z4|,Re(z1z2z3z4) = 0, Im(z1z2z3z4) < 0
}
,
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which is a special Legendrian given in [5] via t(z1, z2, z3, z4) 7→ t(z1, z2, z3, z4).
The inclusion (6.1) induces the metric 35 (F
1)2+ 2750 (F
2)2+ 2750 (F
3)2, where {F i}
is the dual of {Fi}.
Proof. Fix p0 =
t(z1, z2, z3, z4) ∈ S7 and set A = T 3 · p0. Then the tangent
space Tp0A is spanned by the vectors F
∗
i generated by Fi in (6.2):
(F ∗1 )p0 = i
t(z1, z2, z3, z4) = −ξ1,
(F ∗2 )p0 = i
t(z1,−z2, 0, 0),
(F ∗3 )p0 = i
t(0, 0, z3,−z4).
By Lemma 2.6, we consider the condition ∗ϕ˜(F ∗1 , F ∗2 , F ∗3 , ·)|Tp0S7 = 0. We easily
see that −i(F ∗1 ) ∗ ϕ˜ = (34/53)Im((η2− iη3)∧ d(η2+ iη3)). From Lemma 4.1, we
have
(η2 + iη3)(F
∗
2 ) = 2iz1z2, (η2 + iη3)(F
∗
3 ) = 2iz3z4,
d(η2 + iη3)(F
∗
2 , ·) = −2id(z1z2), d(η2 + iη3)(F ∗3 , ·) = −2id(z3z4),
which implies that the condition ∗ϕ˜(F ∗1 , F ∗2 , F ∗3 , ·)|Tp0S7 = 0 is equivalent to
d(Im(z1z2z3z4)) = 0. The restriction of this form to TS
7 is given by d(Im(z1z2z3z4))−
d(Im(z1z2z3z4))(r
∂
∂r )
dr
r = Re(
∑4
j=1 ζjdzj), where r
∂
∂r is a position vector,
dr
r
is its dual, and

ζ1
ζ2
ζ3
ζ4

 =


−iz2z3z4
−iz1z3z4
iz1z2z4
iz1z2z3

− 4Im(z1z2z3z4)


z1
z2
z3
z4

 .
Thus we see that the condition ∗ϕ˜(F ∗1 , F ∗2 , F ∗3 , ·)|Tp0S7 = 0 is equivalent to
ζj(p0) = 0 for j = 1, · · · , 4. On the other hand, setting
Σ = {t(x1, x2, x3, x4 + iy4) ∈ S7 ⊂ C4;xj , y4 ∈ R, x1, x2, x3 ≥ 0},
we have S7 = T 3 · Σ. Hence we may assume that p0 ∈ Σ and x1, x2, x3 6= 0 so
that T 3 · p0 is 3-dimensional. Then we can solve ζj = 0 easily to obtain
x1 = x2 = x3 = 1/2, x4 = 0, y4 = ±1/2.
The T 3-orbit through t(1, 1, 1, i)/2 is mapped to that through t(1, 1, 1,−i)/2 by(
I2 0
0 K
)
∈ Sp(2), where K =
(
0 −i
−i 0
)
, and we obtain the statement.
6.5 SU(2)-orbits
We consider the SU(2)-orbits of (4.1), (6.4), (6.7), or (6.9). First, we introduce
a useful lemma to study associative orbits.
Lemma 6.3. ([9] Lemma 5.6.) Let (V, ρ) be an orthogonal representation of
SU(2), 〈·, ·〉 be an SU(2)-invariant inner product on V , and S1 ⊂ V be the unit
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sphere. Let M = SU(2) · p be a 3-dimensional orbit through p ∈ S1. Define the
function λj :M → R for j = 1, 2, 3 by
λj = 〈(ρ∗(Ej))∗, (ρ∗(Ej))∗〉|M ,
where {Ej} is a basis of su(2) satisfying [Ei, Ei+1] = 2Ei+2 for i ∈ Z/3 and
(ρ∗(Ej))∗ is a vector field on V generated by ρ∗(Ej) ∈ gl(V ). Denote by {Ej}
the dual 1-form on M of {(ρ∗(Ej))∗|M}. Then there exists g ∈ SU(2), the
induced metric 〈·, ·〉|M is described as
〈·, ·〉|M =
3∑
j=1
λj(E
j)2, (6.11)
at g · p ∈ M . Moreover, (M, 〈·, ·〉|M ) is a space of constant curvature k if and
only if λ1 = λ2 = λ3 = 1/k.
Remark 6.4. ([9] Remark 5.4.) There exists g′ ∈ SU(2) satisfying (6.11) and
λ1(g
′) = λa(g), λ2(g′) = λb(g), λ3(g′) = λc(g), where {a, b, c} is any permutation
of {1, 2, 3}. Thus we can “permute” the λj .
6.5.1 SU(2)-orbits 1
If an SU(2)-action is given by (4.1), the orbit is the intersection of a quaternionic
plane and S7, which is an obvious totally geodesic associative submanifold.
6.5.2 SU(2)-orbits 2
Consider the SU(2)-action given by (6.4). Let A be an SU(2)-orbit through
p0 =
t(z1, z2, z3, z4). Then the tangent space to A at p0 is spanned by the
vectors E∗i generated by Ei in (6.5):
(E∗1 )p0 =
t(z3, z4,−z1,−z2),
(E∗2 )p0 = i
t(−z3, z4,−z1, z2),
(E∗3 )p0 = i
t(−z1, z2, z3,−z4).
We easily see that g(E∗i , E
∗
j )p0 = δij , where g is the standard metric on S
7. Then
from Lemma 6.3, A is a constant curvature 1 submanifold of (S7, g). Thus A is
of the form V ∩ S7, where V ⊂ R8 is a 4-plane. These associative submanifolds
are classified by Theorem 1.1.
6.5.3 SU(2)-orbits 3
Consider the SU(2)-action given by (6.7). Let A be an SU(2)-orbit through p0 =
t(z1, z2, z3, z4). By the SU(2)-action, we may assume that p0 =
t(x1, 0, z3, z4)
where x1 > 0, z3, z4 ∈ C. Then the tangent space to A at p0 is spanned by the
vectors E∗i generated by Ei in (6.5):
(E∗1 )p0 =
t(0,−x1, 0, 0),
(E∗2 )p0 =
t(0, ix1, 0, 0),
(E∗3 )p0 =
t(ix1, 0, 0, 0).
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We compute
(ηi(E
∗
j )) =

 0 0 −x21−x21 0 0
0 −x21 0

 ,

 dηj(E∗1 , E∗2 )dηj(E∗1 , E∗3 )
dηj(E
∗
2 , E
∗
3 )

 =

 x21 0 00 0 −x21
0 −x21 0

 ,
(i(E∗i )dη1) = 2x1

 Im(dz2)Re(dz2)
Re(dz1)

 , (i(E∗i )d(η2 + iη3)) = 2x1

 −dz1idz1
−idz2

 ,
3∑
i=1
dηi(E
∗
1 , E
∗
2 , E
∗
3 , ·) = 12x31dx1, d(η123) = 2x51dx1.
Since ∗ϕ˜ = 2725 (18
∑3
i=1(dηi)
2+ 45d(η123)), we obtain ∗ϕ˜(E∗1 , E∗2 , E∗3 , ·) = 554x31(15+
16x21)dx1. The restriction of dx1 to TS
7 is given by
dx1 − dx1
(
r
∂
∂r
)
dr
r
= dx1 − x1 (x1dx1 +Re(z3dz3 + z4dz4)) ,
where r ∂∂r is a position vector and
dr
r is its dual. This implies that ∗ϕ˜(E1, E2, E3, ·)|Tp0S7 =
0 is equivalent to x1 = 1, z3 = z4 = 0, and the resulting associative submanifold
is {(z1, z2, 0, 0) ∈ C4; |z1|2 + |z2|2 = 1}.
6.5.4 SU(2)-orbits 4
For the SU(2)-action given by (6.9), we obtain the following.
Proposition 6.5. Let A be an associative submanifold in the squashed S7 which
is an orbit of the SU(2)-action given in (6.9). Then up to the Sp(1)Sp(2)-action,
A = A2 := SU(2) · t(1, 0, 0, 0) or A3 := SU(2) · t(0, 0, 1, 0).
Remark 6.6. The associative orbit A2 is the Hopf lift of a horizontal holomor-
phic curve
{[a3 : b3 :
√
3ab2 :
√
3a2b] ∈ CP 3; a, b ∈ C, |a|2 + |b|2 = 1}
in CP 3. This is a degree 3 CP 1 in CP 3 of the constant curvature called the
Veronese curve. The associative orbit A3 is the Hopf lift of a null-torsion I
′
1-
holomorphic curve in CP 3, which is defined in Definition 7.15. The inclusion
(6.9) induces g˜|A2 = 2725 (5(E1)2 + 5(E2)2 + 3(E3)2) and g˜|A3 = 925 (19(E1)2 +
19(E2)2 + (E3)2), where we use the notation of Lemma 6.3.
Remark 6.7. Set A2(a, b) := SU(2)·t(a, b, 0, 0) and A3(a, b) := SU(2)·t(0, 0, a, b)
for a, b ∈ C, |a|2+|b|2 = 1. Then by the action of a+bj ∈ Sp(1)L, Aj is congruent
to Aj(a, b)(j = 2, 3). Via
t(z1, z2, z3, z4) 7→ t(z1, z4, z3, z2), A2( 1√2 ,
1√
2
) is special
Legendrian given by [8].
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Proof of Proposition 6.5. Let A be an SU(2)-orbit through p0 =
t(z1, z2, z3, z4).
Then the tangent space to A at p0 is spanned by the vectors E
∗
i generated by
Ei in (6.5):
(E∗1 )p0 =
t(
√
3z4,−
√
3z3,
√
3z2 − 2z4,−
√
3z1 + 2z3),
(E∗2 )p0 =
t(
√
3iz4,
√
3iz3,
√
3iz2 + 2iz4,
√
3iz1 + 2iz3),
(E∗3 )p0 =
t(3iz1,−3iz2,−iz3, iz4).
Since SU(2) ⊂ Sp(2)-action preserves ηj , we have LE∗
j
ηi = dηi(E
∗
j , ·)+d(ηi(E∗j )) =
0. Then by the equation [E∗j , E
∗
j+1] = −2E∗j+2 for j ∈ Z/3, we have
3∑
i=1
(dηi)
2(E∗1 , E
∗
2 , E
∗
3 , ·) = 2
3∑
i,j=1
d(ηi(E
∗
j )
2),
d(η123)(E
∗
1 , E
∗
2 , E
∗
3 , ·) = −d(η123(E∗1 , E∗2 , E∗3 )). (6.12)
We compute
η1(E
∗
2 ) + iη1(E
∗
1 ) = −2
√
3(z1z4 + z2z3)− 4z3z4,
η1(E
∗
3 ) = −3|z1|2 + 3|z2|2 + |z3|2 − |z4|2,
(η2 + iη3)(E
∗
1 ) = 2
√
3(z1z3 + z2z4)− 2(z23 + z24),
(η2 + iη3)(E
∗
2 ) = 2
√
3i(−z1z3 + z2z4) + 2i(−z23 + z24),
(η2 + iη3)(E
∗
3 ) = 6iz1z2 − 2iz3z4,
Then we have
∑3
i,j=1 ηi(E
∗
j )
2 = 9 and
∑3
i=1(dηi)
2(E∗1 , E
∗
2 , E
∗
3 , ·) = 0 by (6.12).
Since ∗ϕ˜ = 2725 (18
∑3
i=1(dηi)
2 + 45d(η123)), the condition ∗ϕ˜(E∗1 , E∗2 , E∗3 , ·) = 0 is
equivalent to
d(detM) = 0,
where M = (ηi(E
∗
j )).
Now, we use Lemma 6.3. We may assume that {E∗1 , E∗2 , E∗3} are mutually
orthogonal at p0 =
t(z1, z2, z3, z4) with respect to g. Then we have
z1z4 − z2z3 = 0, Im(z1z3 + z2z4) = 0. (6.13)
Setting
λ1 = |E∗1 |2 = 4(|z3|2 + |z4|2)− 4
√
3Re(z1z3 + z2z4) + 3,
λ2 = |E∗2 |2 = 4(|z3|2 + |z4|2) + 4
√
3Re(z1z3 + z2z4) + 3,
λ3 = |E∗3 |2 = 8(|z1|2 + |z2|2) + 1.
We consider the following two cases as the proof of Lemma 5.7 in [7]:
(1) all of the λj are distinct, (2) at least two of the λj are equal.
Consider the case (1). Since we can permute the λj by Remark 6.4, we may
assume that λ3 < λ1 < λ2. The inequality λ1 < λ2 implies that Re(z1z3 +
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z2z4) > 0. Thus we have (z1, z2), (z3, z4) 6= 0. From (6.13), there exists µ ∈ R
satisfying
z3 = µz1, z4 = µz2. (6.14)
Note that λ3 < λ1 is equivalent to µ >
√
3. Moreover, since the Sp(1)L-action
commutes the Sp(2)R-action and
t(z1, z2, µz1, µz2) is mapped to
1√
µ2+1
t(1, 0, µ, 0)
by (z1−z2j)/
√
|z1|2 + |z2|2 ∈ Sp(1)L, we may assume that p0 = 1√
µ2+1
t(1, 0, µ, 0).
Set v = t(−µ, 0, 1, 0) ∈ Tp0S7. Then we compute
Mp0 =
1
µ2 + 1

 0 0 µ2 − 32µ(−µ+√3) 0 0
0 −2µ(µ+√3) 0

 ,
(v(M))p0 =
1√
µ2 + 1

 0 0 8µ−2(√3µ− 1)(µ+√3) 0 0
0 2(
√
3µ+ 1)(µ−√3) 0

 ,
where v(M) is the derivative of M with respect to v. Then we have
d(detM)p0(v) = detMp0 · tr(v(M)M−1)p0
= 24µ(µ2 − 3)(3µ2 − 1)(µ2 + 1)−5/2 > 0.
Thus we have no associative SU(2)-orbits in the case (1).
Next, consider the case (2). We may assume that λ1 = λ2 by Remark 6.4.
Then we have Re(z1z3 + z2z4) = 0, and (6.13) implies that
z1z4 − z2z3 = 0, z1z3 + z2z4 = 0.
Thus,
z1z2z3z4 = |z2z3|2 = −|z2z4|2 = 0,
z1z2z3z4 = |z1z4|2 = −|z1z3|2 = 0.
We deduce that either z1 = z2 = 0 or z3 = z4 = 0. Since
t(z1, z2, 0, 0) (resp.
t(0, 0, z3, z4)) is mapped to
t(1, 0, 0, 0) (resp. t(0, 0, 1, 0)) by z1−z2j(resp. z3−z4j)
∈ Sp(1)L, we only have to consider at p0 = t(1, 0, 0, 0) or t(0, 0, 1, 0).
At p0 =
t(1, 0, 0, 0), we have
E∗1 =
t(0, 0, 0,−
√
3), E∗2 =
t(0, 0, 0,
√
3i), E∗3 =
t(3i, 0, 0, 0) = −3ξ1,
(6.15)
which are also orthogonal to each other with respect to g˜ and ϕ˜(E∗1 , E
∗
2 , E
∗
3 ) =
−243/25 = −|E∗1 |g˜|E∗2 |g˜|E∗3 |g˜. At p0 = t(0, 0, 1, 0), we have
E∗1 =
t(0,−
√
3, 0, 2), E∗2 =
t(0,
√
3i, 0, 2i), E∗3 =
t(0, 0,−i, 0) = ξ1,
(6.16)
which are also orthogonal to each other with respect to g˜ and ϕ˜(E∗1 , E
∗
2 , E
∗
3 ) =
33 ·19/53 = |E∗1 |g˜|E∗2 |g˜|E∗3 |g˜. Thus we see that both SU(2)-orbits are associative.
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7 Deformations of homogeneous associative sub-
manifolds
We study the deformations of homogeneous associative submanifolds in the
squashed S7. We apply the same method of [6] in the standard S7.
Proposition 7.1. [6] Let (Y, ϕ, g) be a nearly parallel G2-manifold, and A
3 ⊂ Y
be an associative submanifold. Denote by ν the normal bundle of A in Y and
by ∇⊥A the connection on ν induced by the Levi-Civita connection ∇ of (Y, g).
Taking any local orthonormal frame {e1, e2, e3} of TA, define the operator
D : C∞(A, ν)→ C∞(A, ν) by
Dψ :=
3∑
i=1
ei ×∇⊥Aei ψ.
Then the vector space of all infinitesimal associative deformations of A3 →֒ Y
is identified with {ψ ∈ C∞(A, ν);Dψ = −ψ}.
Thus to compute the dimensions of the infinitesimal deformation spaces, we
only have to know ∇⊥A and ×. The next lemma is useful for the computation.
Lemma 7.2. Let {e1, e2, e3} be the local oriented orthonormal frame of TA
satisfying e3 = e1 × e2. Choose a local normal vector field V1 with |V1| = 1.
Set V2 = e1 × V1, V3 = e2 × V1, V4 = −e3 × V1. Then {V1, V2, V3, V4} is a
local orthonormal frame of ν satisfying
ϕ = e123 + e1(V 12 + V 34) + e2(V 13 + V 42)− e3(V 14 + V 23),
where {ei, V j} is a dual coframe of {ei, Vj}. By the definition of the cross
product in Remark 2.7, we have
(ei × Vj) =

 V2 −V1 V4 −V3V3 −V4 −V1 V2
−V4 −V3 V2 V1

 .
Lemma 7.3. [6] For any X,u, v ∈ X(A), η ∈ C∞(A, ν), we have
∇⊥AX (u× η) =(∇⊤AX u)× η + u× (∇⊥AX η)− (χ(X,u, η))⊥A ,
where χ(X,u, η) = X×(u×η)+g(X,u)η and ⊤A : TY → TA and ⊥A: TY → ν
are projections.
We can compute ∇⊥Aei Vj from ∇⊤Aei ej and ∇⊥Aei V1 by Lemma 7.3 and obtain
the following. The proof is straightforward and we omit it.
Lemma 7.4. Denote ∇⊤Aei ej =
∑3
k=1 Γ
k
ijek and ∇⊥Aei V1 =
∑4
j=2KijVj. Then
we have for i = 1, 2, 3
∇⊥Aei V2 = −Ki2V1 + (Γ2i1 −Ki4 + δi3)V3 + (−Γ3i1 +Ki3 + δi2)V4,
∇⊥Aei V3 = −Ki3V1 + (Γ1i2 +Ki4 − δi3)V2 + (−Γ3i2 −Ki2 − δi1)V4,
∇⊥Aei V4 = −Ki4V1 + (−Γ1i3 −Ki3 − δi2)V3 + (−Γ2i3 +Ki2 + δi1)V3.
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By the definition of the Levi-Civita connection, we have the following. The
proof is also straightforward and we omit it.
Lemma 7.5. Suppose that A is a Lie group G and {ei}i=1,2,3 are left invariant
vector fields. Denoting [ei, ej ] =
∑3
i=1 c
k
ijek (c
k
ij ∈ R), we have
∇⊤Aei ej =
1
2
3∑
k=1
(
ckij − cjik − cijk
)
ek.
7.1 Computations on SU(2)
For the convenience of the computation, we summarize formulas on SU(2). De-
fine the basis {E1, E2, E3} of su(2) as (6.5).
Lemma 7.6. Let Vn be a C-vector space of all complex homogeneous polyno-
mials with two variables z1, z2 of degree n, where n ≥ 0, and define the repre-
sentation ρn : SU(2)→ GL(Vn) as(
ρn
(
a −b
b a
)
f
)
(z1, z2) = f
(
(z1, z2)
(
a −b
b a
))
.
Define the Hermitian inner product 〈 , 〉 of Vn such that{
v
(n)
k =
1√
k!(n− k)!z
n−k
1 z
k
2
}
0≤k≤n
is a unitary basis of Vn. Denoting by ŜU(2) the set of all equivalence classes of
finite dimensional irreducible representations of SU(2), we know that ŜU(2) =
{(Vn, ρn);n ≥ 0}. Then every C-valued continuous function on SU(2) is uni-
formly approximated by the C-linear combination of the following functions:{
〈ρn(·)v(n)i , v(n)j 〉;n ≥ 0, 0 ≤ i, j ≤ n
}
,
which are mutually orthogonal with respect to the L2 inner product.
By a direct computation, we see the following.
Lemma 7.7. Identify X ∈ su(2) with the left invariant differential operator on
SU(2). For u =
∑n
l=0 Clv
(n)
l ∈ Vn, set
u∗ =
n∑
l=0
(−1)n−lCn−lv(n)l ∈ Vn.
Then for any n ≥ 0, 0 ≤ k, l ≤ n, u, v ∈ Vn, X ∈ su(2), we have
X〈ρn(·)v, u〉 = 〈ρn(·)dρn(X)v, u〉,
(dρn(X)v)(z1, z2) =
(
∂v
∂z1
,
∂v
∂z2
)
tX
(
z1
z2
)
,
〈ρn(·)v(n)k , u〉 = (−1)k〈ρn(·)v(n)n−k, u∗〉,
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(−iE1 + E2)〈ρn(·)v(n)k , u〉 =
{
2i
√
(k + 1)(n− k)〈ρn(·)v(n)k+1, u〉, (k < n)
0, (k = n)
(iE1 + E2)〈ρn(·)v(n)k , u〉 =
{
2i
√
k(n− k + 1)〈ρn(·)v(n)k−1, u〉, (k > 0)
0, (k = 0)
iE3〈ρn(·)v(n)k , u〉 = (−n+ 2k)〈ρn(·)v(n)k , u〉.
Lemma 7.8. Suppose that {e1, e2, e3} = {pE1, pE2, qE3}, where 0 6= p, q ∈ R, is
an oriented orthonormal basis of su(2) for some metric and orientation. Define
the differential operator Dλ,µ : C
∞(SU(2),R4)→ C∞(SU(2),R4) by
Dλ,µ


ψ1
ψ2
ψ3
ψ4

 =




0 −e1 −e2 e3
e1 0 e3 e2
e2 −e3 0 −e1
−e3 −e2 e1 0

+


λ
µ
µ
λ






ψ1
ψ2
ψ3
ψ4

 ,
(7.1)
for λ, µ ∈ R. Setting Ψ1 = ψ1 + iψ4,Ψ1 = ψ2 − iψ3, Dλ,µ is described as
Dλ,µ
(
Ψ1
Ψ2
)
=
{( −ie3 −e1 − ie2
e1 − ie2 ie3
)
+
(
λ
µ
)}(
Ψ1
Ψ2
)
.
Set ψ = t(ψ1, ψ2, ψ3, ψ4). Then Dλ,µψ = αψ for α ∈ R is equivalent to
(−ie3 + λ− α)Ψ1 − (e1 + ie2)Ψ2 = 0, (7.2)
(e1 − ie2)Ψ1 + (ie3 + ν − α)Ψ2 = 0. (7.3)
These equations imply that Γp,q,λ,µ,αΨ2 = 0, where Γp,q,λ,µ,α is defined by
Γp,q,λ,µ,α = ∆+ +
(
µ− λ+ 2q − 2p
2
q
)
ie3 + (−2q + λ− α)(−µ+ α), (7.4)
where ∆+ = −
∑3
i=1 e
2
i is a Laplacian on SU(2). Especially, for any n ≥ 0, 0 ≤
k ≤ n, u ∈ Vn, we have
∆+〈ρn(·)v(n)k , u〉 =
{
(−p2 + q2)(n− 2k)2 + p2(n2 + 2n)} 〈ρn(·)v(n)k , u〉,
(7.5)
Γp,q,λ,µ,α〈ρn(·)v(n)k , u〉 =
{
(−p2 + q2)(n− 2k)2
+ p2(n2 + 2n)− (q(−µ+ λ) + 2(p2 − q2))(n− 2k)
+(−2q + λ− α)(−µ+ α)} 〈ρn(·)v(n)k , u〉. (7.6)
Remark 7.9. In the case of SU(2)/Γ for some finite subgroup Γ, we may
consider the Γ equivariant solutions of (7.2) and (7.3).
Proof. It is straightforward to derive (7.2) and (7.3). Since [e1, e2] =
2p2
q e3, [e2, e3] =
2qe1, [e3, e1] = 2qe2, we have (e1 − ie2)ie3 = (ie3 + 2q)(e1 − ie2). Applying
(e1 − ie2) to (7.2), we obtain
(−ie3 − 2q + λ− α)(e1 − ie2)Ψ1 +
(
−e21 − e22 −
2p2
q
ie3
)
Ψ2 = 0. (7.7)
Eliminating Ψ1 from (7.7) by (7.3) gives (7.4). From Lemma 7.7, we obtain
(7.5) and (7.6).
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7.2 The case L1
Let SU(2) = Sp(1) act on S7 as (4.1). Then L1 is the SU(2)-orbit through
p0 =
t(1, 0, 0, 0). Identifying SU(2) ∋
(
a −b
b a
)
7→ a− bj ∈ Sp(1), the vector
fields E∗i generated by Ei ∈ su(2), where i = 1, 2, 3, in (6.5) are described as
E∗1 =
t(1, 0, 0, 0) = −ξ2, E∗2 = t(0, i, 0, 0) = −ξ3, E∗3 = t(i, 0, 0, 0) = −ξ1,
at p0, which induces the orthonormal basis {e1, e2, e3} = 5/3{E1, E2,−E3} of
su(2).
Set v1 =
√
5
3
t(0, 0, 1, 0) ∈ νp0 , which is horizontal and |v1|g˜ = 1. Denote
X0 =
t(0, 0, 1, 0), which is horizontal at p0 and Xi = Φi(X0) for i = 1, 2, 3. By
the definition of ϕ˜ in Proposition 4.3, the vectors v2 = e1×v1, v3 = e2×v1, v4 =
−e3×v1 are described as {v1, v2, v3, v4} = 53{X0, X2, X3, X1}. Define the vector
field Vi on L1 by (Vi)g·p0 = g∗vi, where g ∈ SU(2), we obtain the following by
Lemma 4.7 and Lemma 7.5.
 ∇˜e1V1∇˜e2V1
∇˜e3V1

 = 1
3

 V2V3
−V4

 , (∇˜⊤L1ei ej) = 53

 0 −e3 e2e3 0 −e1
−e2 e1 0

 .
This computation and Lemma 7.4 give the following.
(∇˜eiVj) =
1
3

 V2 −V1 V4 −V3V3 −V4 −V1 V2
−V4 −V3 V2 V1

 .
Then by the trivialization of ν via {V1, V2, V3, V4}, we have D = D−1,−1, where
Dλ,µ is defined in (7.1). Using the notations of Lemma 7.8, we see that Ψ2 is
constant, and hence Φ1 is constant. Thus we obtain dimR{ψ ∈ C∞(L1, ν);Dψ =
−ψ} = 4.
Since dimR Sp(1)Sp(2)/Sp(1)(Sp(1) × Sp(1)) = 4, Sp(1)Sp(2) induces 4-
dimensional associative deformations of L1 and we obtain the following.
Proposition 7.10. The associative deformations of L1 are trivial. Its defor-
mation space is Sp(1)Sp(2)/Sp(1)(Sp(1)×Sp(1)) = HP 1 = S4. The associative
deformations of L1 are the deformations of fibers of π : S
7 → S4 parametrized
by the base space S4.
7.3 The case L2
Let SU(2) act on S7 by (6.4). Then L2 is the SU(2)-orbit through p0 =
t(1, 0, 0, 0). By (6.6), the vector fields E∗i generated by Ei ∈ su(2) for i = 1, 2, 3
in (6.5) are described as
E∗1 =
t(0, 0,−1, 0), E∗2 = t(0, 0,−i, 0), E∗3 = t(−i, 0, 0, 0) = ξ1,
and satisfy ϕ˜(E∗1 , E
∗
2 , E
∗
3 ) = −27/25 < 0 at p0. Then we obtain the induced
oriented orthonormal basis {e1, e2, e3} = {
√
5
3 E1,
√
5
3 E2,− 53E3} of su(2).
Set v1 =
5
3
t(0, 1, 0, 0) = − 53ξ2 ∈ νp0 , which satisfies |v1|g˜ = 1. Denote
X0 =
t(0, 0, 1, 0), which is horizontal at p0 and Xi = Φi(X0) for i = 1, 2, 3.
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Since {e1, e2, e3} = {−
√
5
3 X0,−
√
5
3 X1, ξ1}, vectors v2 = e1×v1, v3 = e2×v1, v4 =
−e3×v1 are described as {v1, v2, v3, v4} = {− 53ξ2,
√
5
3 X2,−
√
5
3 X3,− 53ξ3}. Define
the vector field Vi on L2 by (Vi)g·p0 = g∗vi where g ∈ SU(2). As in the case L1,
we obtain
(∇˜eiVj) =
1
3

 −V2 V1 −V4 V3−V3 V4 V1 −V2
−5V4 −V3 V2 5V1

 .
Then by the trivialization of ν via {V1, V2, V3, V4}, we haveD = D−1,−1/3, where
Dλ,µ is defined in (7.1). Setting (p, q, λ, µ, α) = (
√
5
3 ,− 53 ,−1, 13 ,−1) in (7.6), we
see that
Ψ2 = 〈ρ2(·)v(2)1 , u〉
for u ∈ V2. Since ker(e1 − ie2) ∩ ker(ie3) = C, (7.2) and (7.3) imply that
Ψ1 = −
√
10
5
〈ρ2(·)v(2)2 , u〉+ C
for C ∈ C. Thus we obtain dimR{ψ ∈ C∞(L2, ν);Dψ = −ψ} = 8.
Since dimR Sp(1)Sp(2)/U(1)U(2) = 8, Sp(1)Sp(2) induces 8-dimensional as-
sociative deformations of L2 and we obtain the following.
Proposition 7.11. The associative deformations of L2 are trivial. Its defor-
mation space is Sp(1)Sp(2)/U(1)U(2).
7.4 The case A1
Let T 3 act on S7 by (6.1). Then A1 is the T
3-orbit through p0 =
1
2
t(1, 1, 1, i).
By (6.3), the vector fields F ∗i generated by Fi for i = 1, 2, 3 in (6.2) are described
as
F ∗1 =
1
2
t(i, i, i,−1) = −ξ1, F ∗2 =
1
2
t(i,−i, 0, 0), F ∗3 =
1
2
t(0, 0, i, 1),
and satisfy ϕ˜(F ∗1 , F
∗
2 , F
∗
3 ) = −81/250 < 0 at p0. Then we obtain the induced
oriented orthonormal basis {e1, e2, e3} = { 53F1, 5
√
6
9 F2,− 5
√
6
9 F3} of t3.
Set v1 =
√
5
6
t(−1,−1, 1, i), which is horizontal at p0 and |v1|g˜ = 1. Denote
X0 =
1
2
t(−1,−1, 1, i), which is horizontal at p0 and Xi = Φi(X0) for i = 1, 2, 3.
Since
e1 = −5
3
ξ1, e2 =
5
√
6
18
(ξ3 +X3), e3 =
5
√
6
18
(ξ2 −X2),
vectors v2 = e1 × v1, v3 = e2 × v1, v4 = −e3 × v1 are described as
{v1, v2, v3, v4} =
{√
5
3
X0,
√
5
3
X1,
√
30
18
(−X3 + 5ξ3),
√
30
18
(X2 + 5ξ2)
}
.
Define the vector field Vi on T
3 by (Vi)g·p0 = g∗vi, where g ∈ T 3. As in the case
L1, we obtain
(∇˜⊥A1ei Vj) =
1
9

 3V2 −3V1 −12V4 12V3−2V3 7V4 2V1 −7V2
2V4 7V3 −7V2 −2V1

 .
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Then by the trivialization of ν via {V1, V2, V3, V4}, we have
D =


0 −e1 −e2 e3
e1 0 e3 e2
e2 −e3 0 −e1
−e3 −e2 e1 0

+ 19


1
11
21
21

 .
Suppose Dψ = −ψ, where ψ = t(ψ1, ψ2, ψ3, ψ4) and ψi ∈ C∞(T 3). Eliminating
ψ2 by ψ2 = − 920 (e1(ψ1) + e3(ψ3) + e2(ψ4)), we obtain(
10
9
+
9
20
e21
)
ψ1 +
(
9
20
e1e3 − e2
)
ψ3 +
(
9
20
e1e2 + e3
)
ψ4 = 0, (7.8)(
9
20
e1e3 + e2
)
ψ1 +
(
10
3
+
9
20
e23
)
ψ3 +
(
9
20
e2e3 − e1
)
ψ4 = 0, (7.9)(
9
20
e1e2 − e3
)
ψ1 +
(
9
20
e2e3 + e1
)
ψ3 +
(
10
3
+
9
20
e22
)
ψ4 = 0. (7.10)
Define the smooth function fγ ∈ C∞(T 3,C) for γ = (γ1, γ2, γ3) ∈ Z3 on
T 3 ∼= (R/2πZ)3 by fγ(θ1, θ2, θ3) = exp(i
∑3
j=1 γjθj). Identifying ei ∈ t3 with
the left invariant differential operator on T 3, we have
e1(fγ) =
5
3
γ1ifγ , e2(fγ) =
5
√
6
9
γ2ifγ , e3(fγ) = −5
√
6
9
γ3ifγ.
By a Fourier series expansion, set
ψ1 =
∑
γ∈Z3
Cγfγ , ψ2 =
∑
γ∈Z3
Dγfγ , ψ3 =
∑
γ∈Z3
Eγfγ ,
where Cγ , Dγ , Eγ ∈ C. Then (7.8), (7.9), and (7.10) are equivalent toMγt(Cγ , Dγ , Eγ) =
0, where
Mγ =

 8− 9γ21 3
√
6γ1γ3 − 4
√
6γ2i −3
√
6γ1γ2 − 4
√
6γ3i
3
√
6γ1γ3 + 4
√
6γ2i −6γ23 + 24 6γ2γ3 − 12γ1i
−3√6γ1γ2 + 4
√
6γ3i 6γ2γ3 + 12γ1i −6γ22 + 24

 .
To obtain a nontrivial solution t(Cγ , Dγ , Eγ) 6= 0,
detMγ = 16
{
(9γ21 + 6γ
2
2 + 6γ
2
3 − 22)2 + 4(12(γ22 + γ23)− 49)
}
must vanish. We see that detMγ = 0 if and only if
(γ1, γ2, γ3) = ±(2, 0, 0),±(0, 2, 0),±(0, 0, 2),±(0, 1, 1),±(0, 1,−1). (7.11)
For each γ in (7.11), we can check dimkerMγ = 1. Moreover, we have Cγ =
C−γ , Dγ = D−γ , and Eγ = E−γ so that every ψj is R-valued. Hence we obtain
dimR{ψ ∈ C∞(A1, ν);Dψ = −ψ} = 10.
Since dimR Sp(1)Sp(2)/T
3 = 10, Sp(1)Sp(2) induces 10-dimensional associa-
tive deformations of A1 and we obtain the following.
Proposition 7.12. The associative deformations of A1 are trivial. Its defor-
mation space is Sp(1)Sp(2)/T 3.
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7.5 The case A2
Let SU(2) act on S7 by (6.9). Then A2 is the SU(2)-orbit through p0 =
t(1, 0, 0, 0). By (6.15), {e1, e2, e3} = {
√
15
9 E1,
√
15
9 E2,− 59E3} is the induced ori-
ented orthonormal basis of su(2), where Ei ∈ su(2) for i = 1, 2, 3 is defined in
(6.5).
Set v1 =
5
3
t(0, 1, 0, 0) = − 53ξ2 ∈ νp0 , which satisfies |v1|g˜ = 1. Denote
X0 =
t(0, 0, 0, 1), which is horizontal at p0 and Xi = Φi(X0) for i = 1, 2, 3.
Since
e1 = −
√
5
3
X0, e2 =
√
5
3
X1, e3 = −5
3
ξ1,
vectors v2 = e1 × v1, v3 = e2 × v1, v4 = −e3 × v1 are described as
{v1, v2, v3, v4} =
{
−5
3
ξ2,
√
5
3
X2,
√
5
3
X3,
5
3
ξ3
}
.
Define the vector field Vi in the neighborhood of p0 of A2 by (Vi)g·p0 = g∗vi,
where g ∈ SU(2). As in the case L1, we obtain
(∇˜⊥A2ei Vj) =
1
9

 −3V2 3V1 −3V4 3V3−3V3 3V4 3V1 −3V2
−15V4 17V3 −17V2 15V1

 .
Then by the local trivialization of ν via {V1, V2, V3, V4}, we have D = D−1,23/9,
where Dλ,µ is defined in (7.1). Setting (p, q, λ, µ, α) = (
√
15
9 ,− 59 ,−1, 239 ,−1) in
(7.6), we see that
Ψ2 = 〈ρ6(·)v(6)5 , u〉
for u ∈ V2. Since ker(e1 − ie2) ∩ ker(ie3) = C, (7.2) and (7.3) imply that
Ψ1 = −
√
10
5
〈ρ6(·)v(6)6 , u〉+ C
for C ∈ C. These solutions are Z3-equivariant, and hence we obtain dimR{ψ ∈
C∞(A2, ν);Dψ = −ψ} = 16.
Since dimR Sp(1)Sp(2)/U(1)SU(2) = 9, Sp(1)Sp(2) induces 9-dimensional
associative deformations of A2. Thus A2 can have at most 7-dimensional family
of nontrivial associative deformations. In fact, we obtain the following.
Proposition 7.13. All associative deformations of A2 are induced by the Sp(1)Sp(2)-
action and by the PSp(2,C)-action on CP 3 via the Hopf lift. In other words,
all the associative deformations of A2 are given by the following.
• the PSp(2,C)-action on CP 3 via the Hopf lift, which corresponds to the
deformation of p1(A2) as a horizontal holomorphic curve, where p1 : S
7 →
CP 3 is a projection,
• the action generated by j, k ∈ Sp(1).
Note that PSp(2,C) acts on CP 3 as the group of biholomorphic maps which
preserve the horizontal distribution [3], [10].
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Proof. First description is an analogue of [10], [6] and we omit the proof. The
second description follows from the next lemma.
Lemma 7.14. The subgroup of PSp(2,C) which preserves p1(A2) is isomorphic
to PSL(2,C). Thus the deformation space of p1(A2) as a holomorphic curve is
PSp(2,C)/PSL(2,C), which is 14-dimensional.
Proof. The inclusion SU(2) →֒ Sp(2) of (6.9) is canonically extended toGL(2,C) →֒
GL(4,C):
(gij) 7→


g311 g
3
12
√
3g11g
2
12
√
3g211g12
g321 g
3
22
√
3g21g
2
22
√
3g221g22√
3g11g
2
21
√
3g12g
2
22 g22(g11g22 + 2g12g21) g21(2g11g22 + g12g21)√
3g211g21
√
3g212g22 g12(2g11g22 + g12g21) g11(g11g22 + 2g12g21)

 ,
which is the group of biholomorphic maps which preserve p1(A2). We can check
that GL(2,C) ∩ Sp(2,C) = SL(2,C), and hence we obtain the proof.
7.6 The case A3
Let SU(2) act on S7 by (6.9). Then A3 is the SU(2)-orbit through p0 =
t(0, 0, 1, 0). By (6.16), {e1, e2, e3} = { 5
√
19
57 E1,
5
√
19
57 E2,
5
3E3} is the induced ori-
ented orthonormal basis of su(2), where Ei ∈ su(2) for i = 1, 2, 3 is defined in
(6.5).
Set v1 =
√
5
3
t(1, 0, 0, 0) ∈ νp0 , which is horizontal at p0 and |v1|g˜ = 1. Denote
X0 =
t(1, 0, 0, 0), which is horizontal at p0 and Xi = Φi(X0) for i = 1, 2, 3. Since
e1 = −5
√
19
57
(2ξ2 +
√
3X2), e2 =
5
√
19
57
(−2ξ3 +
√
3X3), e3 =
5
3
ξ1,
(7.12)
vectors v2 = e1 × v1, v3 = e2 × v1, v4 = −e3 × v1 are described as
{v1, v2, v3, v4} =
{√
5
3
X0,
√
95
57
(−5
√
3ξ2 + 2X0),
√
95
57
(5
√
3ξ3 + 2X3),
√
5
3
X1
}
.
Define the vector field Vi on SU(2) by (Vi)g·p0 = g∗vi, where g ∈ SU(2). As in
the case L1, we obtain
(∇˜⊥A3ei Vj) =
1
57

 −31V2 31V1 −31V4 31V3−31V3 31V4 31V1 −31V2
361V4 −119V3 119V2 −361V1

 .
Then by the local trivialization of ν via {V1, V2, V3, V4}, we haveD = D141/19,−1,
where Dλ,µ is defined in (7.1). Setting (p, q, λ, µ, α) = (
5
√
19
57 ,
5
3 ,
141
19 ,−1,−1) in
(7.6), we see that
Ψ2 = 〈ρ6(·)v(6)4 , u〉+ C
for u ∈ V2, C ∈ C. Since ker(ie3 − 16019 ) = {0}, (7.2) and (7.3) imply that
Ψ1 = −
√
190
10
〈ρ6(·)v(6)5 , u〉.
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Hence we obtain dimR{ψ ∈ C∞(A3, ν);Dψ = −ψ} = 16.
Since dimR Sp(1)Sp(2)/SU(2) = 10, Sp(1)Sp(2) induces 10-dimensional as-
sociative deformations of A3. Thus A3 can have at most 6-dimensional family
of nontrivial associative deformations.
The associative deformation space of A3 is explained by a one-to-one corre-
spondence between null-torsion I
′
1-holomorphic curves and horizontal holomor-
phic curves in CP 3 ([12]).
Decompose TCP 3 = H⊕V , where V is a vector bundle tangent to the fibers
of p2 : CP
3 → S4, and H is its orthogonal complement bundle of V . Define a
map P : H− {0} → CP 3 by P (v) = [v˜], where v˜ ∈ H ⊂ TS7 is a horizontal lift
of v with respect to p1 : S
7 → CP 3 and we identify v˜ with a vector in C4.
Let prH : TCP 3 → H be a canonical projection and Σ ⊂ CP 3 be a I ′1-
holomorphic curve with prH|TΣ 6= 0. Then there exist a holomorphic line bundle
L ⊂ H|Σ such that prH(TΣ) ⊂ L. If prH is nowhere vanishing on Σ, L =
prH(TΣ). Denote by L⊥H ⊂ H|Σ the orthonormal complement bundle of L and
set Σˆ = P (L⊥H − {0}).
Definition 7.15. A non-vertical I
′
1-holomorphic curve Σ is called null-torsion
if Σˆ is a horizontal holomorphic curve.
Proposition 7.16. [12] There is a one-to-one correspondence between null-
torsion I
′
1-holomorphic curves and horizontal holomorphic curves via Σ 7→ Σˆ.
Since p1(A3) is an image of CP
1, it is a null-torsion ([12]). We see the
following.
Lemma 7.17. By Proposition 7.16, p1(A3) corresponds to p1(A2).
Proof. Since prH is nowhere vanishing on p1(A3), L = prH(T (p1(A3))). By
(7.12), Tp1(p0)(p1(A3)) is a projection of the subspace of Tp0S
7 spanned by
−2ξ2−
√
3X2 and−2ξ3+
√
3X3. Thus the vector bundle L˜
⊥H overA3 whose fiber
at g · p0, where g ∈ SU(2), is spanned by g∗X0 and g∗X1 satisfies (p1)∗(L˜⊥H) =
L⊥H , which implies that
p̂1(A3) = [L
⊥H − {0}]
= {[gt(1, 0, 0, 0)] ∈ CP 3; g ∈ SU(2)} = p1(A2).
Remark 7.18. We easily see that p̂1(A1) = p1(A1), and hence p1(A1) is not
null-torsion.
Since the deformation space of p1(A2) as a horizontal holomorphic curve is
14-dimensional by Proposition 7.13, we obtain the following result.
Proposition 7.19. All the associative deformations of A3 are given by the
following.
• the Hopf lift of null-torsion I ′1-holomorphic curves, which correspond to
horizontal holomorphic curves obtained by deforming p1(A2) by the PSp(2,C)-
action on CP 3 by Proposition 7.16,
• the action generated by j, k ∈ Sp(1).
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